The state of polarization of strongly focused, radially polarized electromagnetic fields is examined. It is found that several types of polarization singularities exist. Their relationship is investigated, and it is demonstrated that on smoothly varying a system parameter, such as the aperture angle of the lens, different polarization singularities can annihilate each other. For example, the evolution of a lemon into a monstar and its subsequent annihilation with a star is studied. Also, the quite rare collision of a C-line and an L -line, resulting in a V -point, is observed.
Introduction
At points in complex-valued scalar fields where the amplitude is zero, the phase of the field is undetermined or singular [1] . Singular optics is concerned with the description and classification of the different kinds of singularities that can occur in wave fields [2, 3] . Examples of such singularities are the zeros of intensity that are found in focused fields [4] . In real-valued, two-dimensional vector fields, the orientation of the vector is singular wherever the vector vanishes. Such singularities of the Poynting vector field in two-dimensional geometries are studied in Refs. [5] - [7] . Complex-valued vector fields can display singularities of the vector components. An example of these are singularities of the longitudinal component of the electric field in strongly focused, linearly polarized beams [8] . Recently, the two-point correlation functions that describe spatially partially coherent light were shown to posses singularities as well [9] - [12] . All types of singularities mentioned above can be created or annihilated when a system parameter, such as the wavelength of the field, is smoothly varied.
At every point in a time-harmonic electromagnetic field, the end point of the electric field vector traces out an ellipse as time progresses [13, Sec. 1.4] . The polarization is said to be singular at points where this ellipse degenerates into a circle (at so-called C-points) or into a line (at so-called L-lines). Polarization singularities in wave fields are described in Refs. [2] , and [14] - [18] .
Because of their use in, for example, optical trapping, the properties of focused, radially polarized beams have been studied extensively in the past few years (see, e.g., [19] and the references therein). The electric field in the focal region of such a beam has two non-zero parts, namely a radial component and a longitudinal component. The creation and annihilation of phase singularities of these field components has been described in Ref. [20] . It the present paper the rich polarization behavior of focused, radially polarized fields is analyzed. It is shown that the focal region contains different kinds of polarization singularities such as L -lines, stars, monstars, lemons, and V -points. Their interrelation is examined, and it is demonstrated how polarization singularities can be created or annihilated when, e.g., the semi-aperture angle of the focusing system is changed.
Focused, radially polarized fields
Consider an aplanatic focusing system L, as depicted in Fig. 1 . The system has a focal length f and a semi-aperture angle α. The origin O of a right-handed cartesian coordinate system is taken to be at the geometrical focus. A monochromatic, radially polarized beam is incident on the system. The electric and magnetic fields at time t at position r are given by the expressions 
E(r,t)
respectively, where Re denotes the real part. The longitudinal component e z and the radial component e ρ of the electric field at a point P = (ρ P , z P ) in the focal region are given by the equations [19]
where J i is the Bessel function of the first kind of order i. Also, l(θ ) denotes the angular amplitude function
where w 0 is the spot size of the beam in the waist plane, which is assumed to coincide with the entrance plane of the focusing system. As stated above, the electric field has no azimuthal component. However, the magnetic field in the focal region, which we will not investigate here, is purely azimuthal. On using the dimensionless optical coordinates (sometimes referred to as Lommel variables)
to specify the position of the observation point P, Eqs. (3) and (4) can be rewritten as
where the parameter β = f /w 0 denotes the ratio of the focal length of the system and the spot size of the beam in the waist plane.
The state of polarization
The standard description of the state of polarization in terms of Stokes parameters [13] applies to plane waves, i.e. to fields in which the electric field only has two non-zero cartesian components, both perpendicular to the direction of propagation. On focusing a plane wave, the electric field acquires a third non-zero component which is directed along the direction of propagation (the so-called longitudinal field component) [21] . Under the assumption of paraxiality (i.e., assuming the semi-aperture angle of the focusing system to be small), this third component may be neglected. The configuration that we examine is not a paraxial one, but in cylindrical coordinates only two components of the electric field are non-zero. This means that with a suitable change in the definition of the Stokes parameters, the usual description of the state of polarization and, in particular, of polarization singularities can be applied. The electric field in the focal region is given by the formula
with the components e z (u, v) and e ρ (u, v) given by Eqs. (8) and (9), and withẑ andρ ρ ρ unit vectors in the longitudinal and radial direction, respectively. Let us define the variables
The state of polarization of the field may then be characterized by the four Stokes parameters (cf. [13, Sec. 1.4] for a similar definition with respect to a cartesian coordinate system.)
with the phase difference δ given by
For any given intensity (i.e., S 0 = constant), the normalized Stokes parameters s 1 = S 1 /S 0 , s 2 = S 2 /S 0 and s 3 = S 3 /S 0 may be represented as a point on the Poincaré sphere (see Fig. 2 ). On the north pole (s 1 = s 2 = 0, s 3 = 1), the polarization is circular. We adopt the convention of calling this state right-handed because, according to Eq. (1), the ellipse is being traversed in a clockwise manner in the (e z , e ρ )-plane. The polarization is right-handed for points on the northern hemisphere, and left-handed on the southern hemisphere. It easily verified that at the south pole (s 1 = s 2 = 0, s 3 = −1, ) the polarization is circular and left-handed. For all points on the equator (s 3 = 0), the polarization is linear. At (s 1 = 1, s 2 = s 3 = 0) the field is purely zpolarized, whereas at (s 1 = −1, s 2 = s 3 = 0) it is purely ρ-polarized. At (s 1 = 0, s 2 = 1, s 3 = 0) and (s 1 = 0, s 2 = −1, s 3 = 0), finally, the linear polarization is under angle of +π/4 and −π/4 in the (e z , e ρ )-plane, respectively. For the case that a 1 ≥ a 2 , the orientation of the ellipse is described by the angle ψ between the major semiaxis and the z-direction. It is given by the expression [13, Sec. 1.4.2, Eq. 46]
It follows from Eqs. (8) and (9) that at any two points (u, v) and (−u, v) that are symmetrically located with respect to the focal plane, the field components satisfy the symmetry relations
where the asterisk denotes complex conjugation. Clearly, the variables a 1 and a 2 remain unchanged under reflection of the point of observation in the focal plane. The behavior of the other quantities that describe the state of polarization is summarized in Table 1 . We note that the antisymmetrical behavior of the second Stokes parameter and the angle ψ implies that they both vanishes identically in the focal plane, i.e.,
The symmetry properties of the polarization ellipse are illustrated in Fig. 3 . If, for example, the major semiaxis of the polarization ellipse at a point (z, x) makes an angle ψ with the positive z-axis, then at a point (−z, x) the orientation angle will be −ψ. The handedness, however, is the same at both positions. The orientation of the ellipse and its handedness at (z, −x) and (−z, −x) follow from considering the rotational symmetry of the field. An example of the evolution of the Stokes parameters s 1 and s 3 in the focal plane as the radial distance v is increased is shown in Fig./ with the first expression in (23), it is found that for observation points in the focal plane the (s 1 , s 3 ) vector has unit length. When the radial distance is increased, the state of polarization is seen to exhibit a cyclical behavior, changing from linear to circular and back to linear again. In other words, the Stokes vector traverses the s 2 = 0 meridian of the Poincaré sphere several times.
Polarization singularities
At points where the polarization ellipse degenerates into a circle or into a line, the polarization is said to be singular. At C-points (i.e., s 3 = ±1), where the polarization is circular, the orientation angle ψ of the ellipse, as given by Eq. (20), is undetermined. At C-points the polarization can either be left-handed or right-handed. At L -lines (i.e., s 3 = 0), where the polarization is linear, the handedness of the ellipse is undetermined. In the remainder these two types of polarization singularities are examined. It should be noted that, because of rotational symmetry, points and closed lines in the (u, v)-plane are circles and tori, respectively, in three-dimensional space. We remark in passing that it should be clear from the above that at polarization singularities the state of polarization is well-defined. 
Linear polarization
It follows from Eq. (18) that linear polarization generically occurs at points (u, v) at which
This single condition is typically satisfied on a line in (u, v)-space. A subset of these points are locations where one of the two field components is zero, i.e. at phase singularities of either field component. For example, for the longitudinal component these occur at points at which
These two conditions are typically satisfied at isolated points in (u, v)-space. Phase singularities of both field components are found in the focal plane and at other points in space. They can be created or annihilated by smoothly varying the width of the incident beam or the semi-aperture angle [20] . By drawing the contours of s 3 = 0, a multitude of L -surfaces is found. As can be seen in Fig. 5 , the phase singularities of the two electric field components all lie on L -surfaces. Notice that there is a surface of linear polarization that connects each Airy ring of e z in the focal plane to the adjacent Airy ring of e ρ . On traversing these closed surfaces in the u, v-plane, the Stokes vector makes a complete rotatation along the equator of the Poincaré sphere.
It is seen from Eq. (9) that on the central axis (i.e., v = 0) the radial electric field component vanishes. Therefore this axis constitutes an L -line. It follows from rotational symmetry that its index is +1 (see [2, Sec. 13.3]). 
Circular polarization
It follows from the definitions (16)-(18) that circular polarization generically occurs at points rather than lines in the u, v-plane. One way of locating C-points is to represent the field in a circular polarization basis (cf. [22] for an similar decomposition in cartesian coordinates), i.e.,
e(u, v)
where
Thus e + (e − ) represents the amplitude of the right-(left-) handed circular component of the field. In this way, C-points correspond to phase singularities of either circular component. An example is presented in Fig. 6 . It is seen that the number of right-and left-handed C-points is approximately the same. However, there is a line (a cylindrical sheet in three-dimensional space) of left-handed circular polarization at approximately v = 1.4. This is a non-generic surface that appears to be only weakly dependent on the parameters u and β . To understand this feature more fully we apply a first-order Taylor expansion in θ to Eqs. (8) and (9) . These expressions then become
Thus, e + can be written as
It is readily apparent that left-handed circular polarization occurs when v = 2 sin α. Also, because the zero of e + is independent of the longitudinal variable u, this phase singularity is lineshaped. Notice that there is no corresponding C-surface for right-handed circular polarization because the resulting equation would yield (at first order) v = −2 sin α, whereas v is positive definite. To test the validity of this approximation, the computed location of the C-surface is compared to the approximate values in Table 2 . Even when the semi-aperture angle α = 60 • , the approximation is seen to hold quite well. for stars and monstars). In Fig. 7 (a) both a star (top) and a lemon (bottom) can be seen. The lemon-type polarization singularity has evolved into a monstar in Fig. 7(b) . In panel 7(c) the situation is shown after the star and the monstar have annihilated.
Relationship between L -lines and C-points
There is a strong connection between L -lines and C-points. The former separate space into regions of different handedness. In agreement with this, the left-handed C-points in Fig. 6(a) , are all located outside the closed L -lines, whereas the right-handed C-points in Fig. 6(b) are all located within them. As reported by Freund et al. [16] , there is a relation between the charge of component singularities on a closed L -line and the total charge of C-points enclosed by it. For our specific case Eq. (5) of [16] can be re-written as
where the summation on the left-hand side is over all topological charges of C-points enclosed by the L -line, and the right-hand summations are over the charges of the two electric field components on the L -line. For example, it was verified that the two L -lines that contain the points (0, 4) and (22, 7) in Figs. 5 and 6 both satisfy this sum rule. The upper singularity is a star and the lower singularity is a lemon that evolves into a monstar before the annihilation takes place. Fig. 7 shows the corresponding local ellipse behavior for this event.
Vector singularities
In addition to the different kinds of singularities mentioned in Sec. 1, there exist also points where the two-dimensional complex electric vector field e is identically zero. Such points are referred to as V -points [24] . V -points are necessarily a phase singularity of both cylindrical components and of both components in the circular polarization basis. They are to be distinguished from singularities of real-valued vector fields such as the Poynting vector [5] - [7] . Since the complex electric field given by Eqs. (8) and (9) is an analytic function, its zeros are isolated points in the (u, v) plane [25] . Because the condition e(u, v) = 0 has co-dimension four, Vpoints do not generically occur. However, as we now demonstrate, they do appear in the focal region of radially polarized beams.
In our configuration V -points occur, for example, when the longitudinal component e z is zero on the optical axis (where the radial component e ρ is identically zero). In Fig./Movie 9 the real and imaginary parts of e z are shown. Their intersection near u = 11.5 is seen to move towards and eventually below the horizontal axis when the semi-aperture angle α is increased in a continuous manner. At approximately α = 56.6 • , this intersection crosses the horizontal axis, i.e. Re (e z ) = Im (e z ) = 0 near (u, v) = (11.5, 0). Clearly this V -point is unstable under perturbations.
Another way in which vector singularities may occur is through the collision of an L -line and a C-point [14] . Although the field at a V -point is neither linearly nor circularly polarized, the condition for linear polarization, (S 3 = 0) combined with the two conditions for circular polarization, (S 1 = S 2 = 0), result in the necessary condition that S 0 = 0, i.e. the electric field vanishes at the collision point. An example of such an event is shown in Fig./Movie 10 in which the semi-aperture angle α is gradually increased. The L -line that is seen to break apart moves downwards towards the horizontal C-line near v = 1.6. In this process the L -line shrinks and collapses to a point at the moment of collision. On further increasing α, this point changes back into an L -line that approaches the optical axis. The C-line remains essentially stationary while the L -line passes through it. We mention in passing that the L -line of interest in Fig./Movie 10 intersects one phase singularity of each cylindrical component and encloses one point of pure right-handed circular polarization. When the L -line collapses to a point at the line of pure lefthanded polarization (at approximately v = 1.6), both cylindrical singularities coincide, creating a V -point. Alternatively, the V -point can be be considered as the collision of phase singularities of the circular components e + and e − . In fact, because L -surfaces separate space into regions of right-and left-handedness, the only way in which C-points of opposite handedness can collide is when the L-line separating them collapses to a point.
Discussion
It is to be noted that in the system at hand the magnetic field in the focal region has only a single (azimuthal) component. This implies that the behavior of the magnetic polarization is trivial compared to that of the electric polarization.
Also, because of the rotational symmetry of the configuration, the closed L -lines that are seen in the u, v-plane, form tori in three-dimensional space centered on the optical axis. Likewise, the C-points form rings. In summary, strongly focused, radially polarized fields have been considered within the context of singular optics. The state of polarization was discussed and analyzed for this system. Phase singularities of the two electric field components and polarization singularities were identified. The relation between L -lines and C-lines was discussed, and an annihilation of two C-points involving a star, a lemon and a monstar, was shown. Finally, it was demonstrated that isolated vector singularities, V -points, can occur in this system and two different ways of creating them were analyzed.
